Abstract. Let G be a linear connected complex reductive Lie group. The purpose of this paper is to give explicit symplectic isomorphisms from holomorphic twisted cotangent bundles of the generalized flag varieties of G onto the coadjoint orbits of semisimple elements under G, where the transition functions of the holomorphic twisted cotangent bundle are given by affine transformations of the fibers instead of linear transformations. Moreover, we show that the isomorphisms are G-equivariant.
Introduction
The reader will agree that cotangent bundles of smooth manifolds and coadjoint orbits of Lie groups provide basic and important examples of symplectic manifolds. The purpose of this paper is to give explicit symplectic isomorphisms from holomorphic twisted cotangent bundles of the complex generalized flag varieties onto the complex coadjoint orbits of semisimple elements, where the transition functions of the holomorphic twisted cotangent bundle are given by affine transformations of the fibers instead of linear transformations.
More precisely, let G denote a linear connected complex reductive Lie group with Lie algebra g. We fix a Cartan subalgebra h of g, and consider a nonzero element λ of h * , the dual space of h. Under the assumption that the isotropy subalgebra of λ in g is distinct from g, take a parabolic subgroup Q of G whose Levi factor is the isotropy subgroup of λ in G, and let {U σ } σ∈W/W λ be the open covering of the flag variety G/Q indexed by W/W λ (see (2.10) for details). Then one can construct a holomorphic isomorphism µ λ;σ from the cotangent bundle T * U σ into the complex coadjoint orbit Ω λ := G · λ for each σ. Note that U σ is homeomorphic to C n and that T * U σ is trivial, i.e., T * U σ ≃ U σ × C n with n = dim(G/Q) for each σ. We shall see that the isomorphisms {µ λ;σ } σ∈W/W λ are closely related to the triangular decomposition of G (or rather, of g).
Furthermore, the isomorphisms {µ λ;σ } acquire equivariance under G if we let G act on the trivial bundles by affine transformation instead of the canonical one. Since each coset of W/W λ is represented by an elementσ ∈ G, we can glue together the trivial bundles {T * U σ } σ by transition functions induced from the affine action of G to form a holomorphic twisted cotangent bundle which we denote by T * (G/Q) λ in this paper. Since the twisted cotangent bundle is
In what follows, whenever there is no risk of confusion, we shall agree that local coordinates themselves represent the points of manifolds under considerations, as usual.
Twisted moment map
Throughout, let G be a linear connected complex reductive Lie group with Lie algebra g. We fix a Cartan subalgebra h of g and denote the dual space of h by h * . Let g = h ⊕ α∈∆ g α be the root space decomposition with ∆ a root system of g with respect to h. Choosing a positive root system ∆ + ⊂ ∆, we set b := α∈∆ + g −α . We take a nonzero root vector E α from g α for each α ∈ ∆.
2.1. Hermitian symmetric space. In this subsection, let (G R , K R ) denote a classical Hermitian symmetric pair of noncompact type. Let G and K be the complexifications of G R and K R respectively and Q a maximal parabolic subgroup of G whose Levi factor is K. Let k and q be the Lie algebras of K and Q respectively. Denoting by u − the nilradical of q and by u its opposite, we put U := exp u and U − := exp u − . Consider a holomorphic character λ : Q → C × whose differential restricted on h is proportional to the fundamental weight corresponding to the unique noncompact simple root. Let us denote by C λ the one-dimensional representation (λ, C) of Q. Then one can construct an irreducible unitary representation (π λ , H λ ) of G R , the so-called holomorphic discrete series representation, by Borel-Weil theory as follows. Let L λ be the pull-back by the open embedding G R /K R ֒→ G/Q of the holomorphic line bundle G × Q C λ associated to the principal bundle G → G/Q. The Hilbert space H λ consists of square-integrable holomorphic sections for L λ , which we identify with the space of holomorphic functions f on the open subset G R Q ⊂ G that satisfy the following conditions
where dg denotes the Haar measure on G R . Now the irreducible unitary representation π λ of G R is defined by
This induces a complex linear representation of g, which we also denote by π λ . Take a basis {X i } for g, and its dual basis {X ∨ i }, i.e. the basis for g satisfying that B(X i , X ∨ j ) = δ ij , where B is the nondegenerate invariant symmetric bilinear form on g. For X ∈ g given, denoting by σ λ (X)(x, v * ) the symbol of the differential operator π λ (X) at
Note that µ λ;0 is independent of the basis {X i } chosen.
Recall from [5] , for example, that for a Lie group A and an A-manifold M, the cotangent bundle T * M is a symplectic A-manifold in the canonical way. Namely, the Lie group A acts on T * M by
* denotes the transpose map of the differential (g −1 ) * : T g.x M → T x M induced from the translation by g −1 on the base manifold M.
Then, for X ∈ a := Lie (A), the moment map defined on the cotangent bundle µ :
where a * denotes the dual of a, ·, · the canonical pairing between a * and a, and X M the vector field on M generated by X:
for functions ϕ defined around x ∈ M. It follows from (2.2) and (2.3) that the principal part of µ λ;0 is identical to the moment map µ : T * (G R /K R ) → g * composed by the isomorphism g * ≃ g via the bilinear form B, which we also denote by µ. Here T * (G R /K R ) denotes the holomorphic cotangent bundle of the Hermitian symmetric space G R /K R . Furthermore, the total symbol µ λ;0 can be regarded as a variant of the twisted moment mapμ λ : T * (G R /K R ) → g * ≃ g due to Rossmann (see §7 of [7] ). In fact, the differenceμ λ − µ, which is denoted by λ x in loc.cit. with x ∈ G/Q, can be expressed asμ λ − µ = Ad(g)λ ∨ , or
where λ ∨ ∈ g corresponds to λ ∈ g * under the isomorphism g * ≃ g via the bilinear form B, and g is an element of a compact real form G u of G such that x = g.e Q with e Q the origin of G/Q. Now, if x is in the open subset G R /K R ⊂ G/Q, one can choose a unique element u x from a certain open subset of U so that x = u x .e Q , instead of g from G u . Then, one can immediately verify that
Moreover, the following relation holds:
(see [2] ).
, where we realize SU(p, q) as SU(p, q) = {g ∈ SL p+q (C); tḡ I p,q g = I p,q } with I p,q = 1p −1q . Then we take K, Q to be given by
respectively. We can assume that the holomorphic character λ : Q → C × in this case is given by
for some integer s.
Note that G R /K R is isomorphic to the bounded symmetric domain given by
Therefore, we can take holomorphic coordinates (z ij , ξ ij ) i=1,...,p;j=1,...,q around an arbitrary point (x, v * ) on the whole
Using the fact that u is abelian, it is easy to show that the right-hand side of (2.4) equals q p+q
(Theorem 4.9, [2] ), where we denote the complex p × q-matrix (ξ ij ) by ξ. Thus, if s = 0 and if we put
then it is immediate to show that (2.7) is equal to Ad(u
This yields an injective holomorphic map µ λ;0 : T * (G R /K R ) → g, which is a prototype of our main object.
Observe that there is no need to restrict the domain of µ λ;0 to T * (G R /K R ). Indeed, it naturally extends to the holomorphic cotangent bundle of the open subset UQ/Q ⊂ G/Q if we do not take the real form G R into account. Furthermore, we can take an arbitrary λ ∈ h * ; we shall carry out this extended case in the next subsection.
2.2. Generalized flag variety. Let G be a linear connected complex reductive Lie group with Lie algebra g, as above. Consider a nonzero λ ∈ h * , which is not necessarily the same as in the previous subsection. Put
we assume that g(λ) is distinct from g throughout. Let q be a parabolic subalgebra of g containing b whose Levi part is l. We assume that q is not necessarily maximal. Let u − be the nilradical of q, and u the opposite of u − . Our assumption on q implies that the subalgebras u − and u need not be abelian. At any rate, we have the following decompositions:
Denote by ∆(u) the subset of ∆ + such that u = α∈∆(u) g α and u
Let L := G(λ) = {g ∈ G; Ad * (g)λ = λ}, the isotropy subgroup of λ in G. Denoting the analytic subgroup of u − (resp. u) by U − (resp. U), let us introduce holomorphic coordinates z = (z α ) α∈∆(u) on U and w = (w α ) α∈∆(u) on U − by parametrizing elements u ∈ U and u
which we denote by u z and u − w respectively. Put Q = LU − = U − L, and let T * (G/Q) denote the holomorphic cotangent bundle of the flag variety G/Q and
the canonical projections. Fixing a representativeσ ∈ G of each σ ∈ W/W λ once and for all, let us identify σ withσ, where W λ denotes the isotropy subgroup of λ in the Weyl group W . Take the open covering {U σ } of G/Q:
Since any element x of U σ is expressed as
for a unique u ∈ U, one can introduce holomorphic local coordinates
We denote the element u in (2.12) by u zσ in what follows. Then, every cotangent vector v * ∈ T * x (G/Q) can be written as
which provides holomorphic coordinates (z σ , ξ σ ) on π −1 (U σ ) with ξ σ = (ξ σα ) α∈∆(u) . In other words, one obtains a local triviality
with n = #∆(u) = dim(G/Q) for each σ ∈ W/W λ . In the sequel, however, if (z e , ξ e ) is in π −1 (U e ) i.e., if σ happens to equal the identity element e, we suppress the subscripts and just write (z, ξ) for brevity.
14)
which plays a role throughout the paper, as we shall see.
Henceforth, let us fix a σ ∈ W/W λ and discuss inside the product bundle T * U σ = π −1 (U σ ) until the end of this section.
where we identify 1 ξ σ = (ξ σα ) α∈∆(u) with α∈∆(u) ξ σα dz σ α , which we abbreviate ξ σ dz σ .
Proof. It is trivial that such u zσ ∈ U uniquely exists. If we identify g * with g via the nondegenerate invariant symmetric bilinear form B on g, the second formula of (2.15) can be rewritten as
Thus it suffices to show that there exists a unique u
one can determine the coefficients w σα inductively from (2.16) with respect to the height of α. This completes the proof.
Example 2.4. Let us consider the case where G = GL 3 (C) and a regular semisim-
is equal to h, the Cartan subalgebra consisting of all diagonal matrices in g = gl 3 (C), q the Borel subalgebra b of all lower triangular matrices in g, and u − (resp. u) the nilpotent subalgebra of all strictly lower (resp. upper) matrices in g.
We restrict ourselves to the case where σ = e since the other cases are similar. For (z, ξ) ∈ T * U e with z = (z i,j ) 1 i<j 3 and ξ dz = 1 i<j 3 ξ i,j dz i,j , if one writes
We shall sometimes use this convention throughout the paper.
as in (2.12) and (2.17), the second formula of (2.15) is equivalent to
,
where we put λ i,j := λ i − λ j for i = j. We remark that one can verify that the relation (2.4) holds if one constructs an irreducible representation of GL 3 (C) that is induced from the character λ : Q → C × by Borel-Weil theory as in the previous subsection.
Put Ω λ := G · λ = {Ad * (g)λ ∈ g * ; g ∈ G}, the coadjoint orbit of λ under the complex Lie group G. It is canonically isomorphic to G/L, and we denote by p λ the canonical surjection
Definition 2.5. By Lemma 2.3 above, one can define a holomorphic map
where u zσ ∈ U and u − wσ ∈ U − are the unique elements corresponding to (z σ , ξ σ ) ∈ T * U σ determined by the relation (2.15). Note in particular that µ λ;σ is injective.
Now, let us define a g-valued 1-form θ on G by
By abuse of notation, we use the same symbol θ g to denote the pull-back of the 1-form given in (2.19) by the local section g :
Then the second formula of (2.15) can be written as 
is a Hermitian symmetric pair (see [3] for details).
3. G-equivariance 3.1. Local G-action. First let us consider such elements g ∈ G that map U e onto itself.
Definition 3.1. For (z, ξ) ∈ T * U e , let u z ∈ U and u − w ∈ U − be the unique elements determined by (2.15). If g ∈ G satisfies that g.z ∈ U e , or equivalently, that gu z ∈ p −1 (U e ), then by Remark 2.2, one can write
from which it follows that
In particular, we see that gu z u − w lies in UU − L, and that its U-and L-components are identical to those of gu z respectively since t g;z u − w t −1 g;z is in the subgroup U − . In view of (2.15) and (3.1), it is natural to define a cotangent vector ψ λ;e (g)ξ by
where we set u g;z ) for brevity. If we put a := u z u − w , then, as we noted in Remark 2.6, the right-hand side of (3.2) can be written as
* θ a , where (g −1 ) * denotes the transpose map of the differential (g −1 ) * : T g.z U e → T z U e induced from the translation by g −1 ∈ G on U e . Note that (3.2) implies that ψ λ;e (g)ξ belongs to T * g.z (G/Q) since the decomposition (3.1) is holomorphic, and that (3.4) reduces to the canonical G-action on the cotangent bundle given by (2.1) when λ = 0. Furthermore, it follows that the second term in (3.4) is an exact 1-form since t g;z is an element of G(λ) Proposition 3.2. Let (z, ξ) ∈ T * U e . For g, h ∈ G such that both h.z and gh.z are in U e , we have ψ λ;e (g)(ψ λ;e (h)ξ) = ψ λ;e (gh)ξ. (3.5)
Proof. We use (3.3) to prove the proposition. Let u z ∈ U and u − w ∈ U − be the unique elements determined by (2.15) and let a = u z u − w . Since both hu z and gu h.z are in p −1 (U e ) by assumption, they decompose as
Then, we see that
Namely, the L-component of g(hu z ) equals t g;h.z t h;z . Now, it follows from (3.6) and (3.7) that ψ λ;e (g)(ψ λ;e (h)ξ) = ψ λ;e (g)(ψ λ;e (h) −λ, θ a ) = ψ λ;e (g) −λ, θ hat
On the other hand, it follows from (3.8) that
This completes the proof.
For (z, ξ) ∈ T * U e and g ∈ G such that g.z ∈ U e , we define
Note that Ψ λ;e (g)| T * z (G/Q) = ψ λ;e (g) is a bi-holomorphic map from T and u − g;z;w respectively in the notation of Definition 3.1. Therefore, the left-hand side of (3.10) equals
by (3.1) and (2.18). := t g;z in the decomposition (3.1), an elementary matrix calculation shows that
In particular, one sees
Using the relation (2.15), i.e.,ξ = −s tŵ , one has
Taking the trace of the both sides, one obtains (3.4) in this case; in particular, the second term of (3.4) is given by
Note that (3.5) corresponds to the cocycle condition of the automorphy factor.
Global construction. Recall that the flag variety has the open covering
Therefore, if we take into account (2.15), (2.20) and Proposition 3.3, it is natural from the group-theoretic point of view to glue together the product bundles {π −1 (U σ )} using the transition functions given by {ψ λ;e (τ −1 σ)} as follows (cf. [8] ). In the disjoint union σ (U σ ×C n ), let us say that two points (z σ , ξ σ ) ∈ U σ ×C n and (z τ , ξ τ ) ∈ U τ × C n are equivalent to each other if and only if τ u zτ .e Q = σu zσ .e Q and ξ τ = ψ λ;e (τ
in which case we write (z σ , ξ σ ) ∼ (z τ , ξ τ ). Then we define our twisted cotangent bundle to be the quotient space by this equivalence relation:
We denote by [z σ , ξ σ ] the equivalence class of (z σ , ξ σ ) ∈ U σ × C n and by ̟ the projection
Note that our twisted cotangent bundle is identical to the (usual) cotangent bundle T * (G/Q) set-theoretically:
and that a local triviality on ̟ −1 (U σ ) is given by
for each σ. Thus, our twisted cotangent bundle is locally isomorphic to the cotangent bundle and its transition functions are given in terms of the affine transformations ψ λ;e which reduce to the transition functions of the cotangent bundle when λ = 0.
Remark 3.5. Since the second term of (3.4) is exact, one obtains that
. Therefore, our twisted cotangent bundle possesses a holomorphic symplectic form that is identical to the canonical one on the cotangent bundle T * (G/Q), which we shall denote by ω.
with u zσ and u − wσ being the unique elements of U and U − determined by (2.20). Then we define a cotangent vector
and a holomorphic map Ψ λ (g) from T * (G/Q) λ to itself by
(3.14)
Lemma 3.7. The map Ψ λ is well defined, i.e., it is independent of the choices of σ and τ in (3.13) above. Furthermore, we have
for all g, h ∈ G. Namely, G acts on the twisted cotangent bundle
Proof. Suppose that [z σ , ξ σ ] = [zσ, ξσ] and take anotherτ such that g.zσ ∈ Uτ . Then, by definition, one has ξσ = ψ λ;e (σ −1 σ)ξ σ .
It suffices to show that ψ λ;e (τ −1 gσ)ξσ = ψ λ;e (τ −1 τ )ψ λ;e (τ −1 gσ)ξ σ .
Now one sees
by Proposition 3.2. The second assertion also follows from Proposition 3.2.
→ Ω λ by the same formula as (2.18) for each σ ∈ W/W λ :
where u zσ ∈ U and u − wσ ∈ U − are determined by (z σ , ξ σ ) as in (2.15).
Proposition 3.8. The local isomorphisms {µ λ;σ } σ∈W/W λ satisfy the compatibility condition
Thus we can define a globally defined bi-holomorphic map
Furthermore this map is G-equivariant, i,e, we have
for all g ∈ G.
Proof. Suppose that a point of ̟ −1 (U σ ∩ U τ ) is expressed in two ways: 
. Therefore, we see that
Therefore, we see that
Example 3.9. Let us consider the case where p = q = 1 in Example 2.1, i.e., G = SL 2 (C), Q = a 0 c a −1 ∈ G , the Borel subgroup of G, and
The flag variety G/Q is identified with the complex projective line CP since ξ σ = ψ λ;e (σ −1 )ξ = z 2 ξ − sz. Denoting the maps µ λ;e and µ λ;σ followed by the isomorphism g * ≃ g via the trace form by the same notations, one obtains 3.3. Symplectomorphism. We next prove that the map µ λ : T * (G/Q) λ → Ω λ is symplectic. Let ω and ω λ denote the canonical G-invariant holomorphic symplectic forms on T * (G/Q) λ and Ω λ respectively. Recall that ω is defined by
dz σ α ∧ dξ σα (3.22) if [z σ , ξ σ ] ∈ ̟ −1 (U σ ) ⊂ T * (G/Q) λ (cf. Remark 3.5), and that ω λ is defined by
where X Ω λ , Y Ω λ are the vector fields on Ω λ generated by X, Y ∈ g respectively that are defined by (2.3) (see [1] ). 
